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Abstract 



o 

We construct a family of supersymmetric solutions in time-dependent back- 
On! 

grounds in supergravity theories. One class of the solutions are intersecting brane 

^ ■ 

solutions and another class are brane solutions in pp-wave backgrounds, and their 
intersection rules are also given. The relation to existing literature is also discussed. 
An example of D1-D5 with linear null dilaton together with its possible dual theory 
is briefly discussed. 
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1 Introduction 



There has been much interest in time-dependent supersymmetric solutions of supergrav- 
ities in ten- and eleven- dimensional spacetime because of their applications to cosmology 
and to our understanding of space-like singularities [l]-[5]. Among others, solutions with 
the linear dilaton background in the null direction with | supersymmetry are proposed to 
describe the singular region in the spacetime without difficulty [6], and various extensions 
have been considered [7]- [26]. For a detailed review of the big-bang models in string theory 
see [27] . It has been argued that it is possible to map the theory near the singularity at a 
very early time to the dual matrix theory which allows us to discuss the behaviors of the 
solution in perturbative picture, whereas in the far future it can be thought of as a per- 
turbative string theory with weak string coupling. So it is the matrix degrees of freedom 
but not the perturbative string states that describe the physics near the singularities, but 
later the spacetime picture in terms of the closed strings becomes relevant. Furthermore 
the celebrated AdS / CFT duality has also been used to argue that the dual field theory is a 
time-dependent supersymmetric gauge theory on the boundary of the AdS space in other 
backgrounds. In view of these interesting developments in the study of time- dependent 
solutions in string theory, it is important to explore further examples of supersymmetric 
solutions of string and supergravity theories in time- dependent backgrounds. 

On the other hand, D-branes can probe the nonperturbative dynamics of the string 
theory and they have been used to study various duality aspects of string theory. A 
systematic derivation of the general D-brane solutions in the pp-wave backgrounds has 
been given in [28]. It is thus interesting to find if we can have such brane solutions in 
time-dependent backgrounds with time-dependent dilaton. In fact, D3-brane solutions 
have been found and discussed in [17, 19] and other single brane solutions in [24, 26], but 
it is not known if there exist further general intersecting brane solutions of this type in a 
time-dependent set up. 

Motivated by the recent surge of interest in finding out time- dependent solutions in 
supergravity and speculation on the dual field theory in this set up, in this paper we 
present a general class of intersecting brane solutions in time-dependent supersymmetric 
backgrounds with and without pp-wave by using the method developed in Ref. [29, 28]. 
We start with a general ansatz for the metric and solve for the field equations of the 
supergravity. We also derive the intersection rules for the branes in this background. 
Some examples of dual field theories are also discussed briefly. 

The rest of the paper is organized as follows. In sect. 2 we present the classical solution 
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of supergravity by directly solving the equations of motion. We, for simplicity, take the 
factorized ansatz for the metric functions as the product of usual r-dependent part and 
the time-dependent part. This way of taking the ansatz has a clear advantage that the 
supergravity equations of motion essentially have two different contributions coming from 
the r-dependent part and a differential equation involving only time derivatives. We then 
present three kinds of solutions. We further show that special cases of our general solutions 
reproduce known solutions. We also write explicitly a particular example of intersecting 
branes of D1-D5 system with a linear dilaton and make some comments about the dual 
field theory. In sect. 3 we present our conclusions and outlook. 



2 Supergravity solution 



The low-energy effective action for the supergravity system coupled to dilaton and re- 
form field strength is given by 
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where Gd is the Newton constant in D dimensions and g is the determinant of the metric. 
The last term includes both RR and NS-NS field strengths and a a = |(5 — tla) for RR 
field strengths and a a = — 1 for NS-NS 3-form. We put fermions and other background 
fields to be zero. 

From the action (1), one can derive the field equations/Bianchi identities 
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In this paper we consider the case in which the metric functions depend on u and r. 
Specifically we take the metric ansatz 

d-2 

ds 2 D = e 2iuo+Vo) [-2dudv + K{u,y a ,z i )du 2 ] + Y,e 2{Ua+Va) dyl + e 2 ^^ (6) 

a=l 
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where D = d + d + 2, the coordinates u, v and y a , (a = 1, . . . , d — 2) parameterize 
the d- dimensional world-volume directions and the remaining d + 2 coordinates r and 
angles are transverse to the brane world- volume (sometimes denoted also by the orthogonal 
coordinates Zj), dQ 2 ^ is the line element of the (d + l)-dimensional sphere. Here uo,u a 
and B are assumed to be functions of r only, and VQ,v a and C are those of u only. The 
dilaton is also taken as a sum of w-dependent and r-dependent terms: <fi = <f) r + M . Our 
ansatz includes more general solutions than those in [17, 19]. 
For the field strength backgrounds, we take 

F nA = e 2fA(u) E' A (r)du A dv A dy ai A • • • A dy a ^ A dr, (7) 

where ua = Qa + 2. Throughout this paper, the dot and prime denote derivatives with 
respect to u and r, respectively. Eq. (7) is an electric background and we could also 
consider magnetic background, but that is basically the same as the electric case with the 
replacement 

9»u^g»u, F n ->e a(f '*F n , 0^-0. (8) 

This is due to the S-duality symmetry of the original system (1). So we do not have to 
consider it separately. 

The NS-NS 3-form responsible for the off-diagonal component of the metric is sepa- 
rately written as 

H uij = e 2 ^d {i b jh (9) 

such that it satisfies the Bianchi identity. Here the indices i,j denote the directions 
transverse to the branes (z i: Zj or r and angles). The field equation for this NS-NS 3-form 
leads to 

d b b j} = e- u+2 ^ +v " +B+c ^^, (10) 
where ^ is constant and U is defined by 

cZ-2 

U = 2u + ^2u a + dB. (11) 

a=l 

There is no restriction on the w-dependent part of bj from the field equation, but we have 
chosen it like eq. (10) as our convention. 
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With our ansatz, the Einstein equations (2) reduce to 
,r , d+l\ -^D-q A -3 



< + <{U' + ^} = E 2{ D- 4 SaTa(E '^ (12) 
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v a + (d + 2)C + J2vl + (d + 2)C 2 - 2v {J2 + + 



+ e 2(u 0+ v -B-C) K |" u // + d+l u , + i^-l D (d+2)^ 
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where S A ,T A and <^ are defined by 

S A = exp (e^a^r - 2 ^ «a) , T4 = exp (e^a^u - 2 ^ v a + , (17) 

s ( a ) _ { D - q A -3 f y a belonging to g A -brane 

1 — + 1) I otherwise 

respectively, the sum of a runs over the world- volume of the g^-brane (u, v and (q A — 1) y a 
coordinates, and so J2 a eq A Ua = 2m ° ~^ Eat^a f° r example), and = +1(— 1) is for 
electric (magnetic) backgrounds. The equations (12), (13), (14), (15) and (16) are the 
uv,uu,a[3,rr and ab components of the Einstein equations (2), respectively. The dilaton 
eq. (3) and the remaining eqs. (4) and/or (5) yield 

e- U (e u yy = -\Y,^a A S A T A {E' A )\ (19) 

A 

[r i+1 S A E' A ^ = 0, (20) 



where the dilaton field is written as a sum of r- and w-dependent terms: = r + <j) u . 

The field eqs. (12) - (16), (19) and (20) are simplified considerably by imposing the 
condition 

U = 0. (21) 

It is known that under this condition, all the supersymmetric intersecting brane solutions 
can be derived [29]. 

Now the dilaton eq. (19) gives 

0" + ^V = -\^Aa A S A T A {E' A )\ (22) 
r a 

In order to cancel the M-dependence in eq. (22), we should set 

4/a = -e A a A <p u + 2^v a , (23) 

namely T A — 1. Then the field equation for the dilaton reduces to the one discussed in 
[28]. 

Thus, for our ansatz that the exponents of metric functions, the dilaton and other 
backgrounds are simply sums of terms dependent on u and r, we see that the Einstein 
equations and other field equations separate into terms dependent on u and r. The metric 
corresponds to the "warped form" of supersymmetric time-dependent solutions and static 
branes, giving a generalization of D3-branes in time-dependent backgrounds in Refs. [17, 
19]. So these parts in the field equations should be separately satisfied. The r-dependent 
equations are simply those of Ref. [28] for static branes in the pp-wave backgrounds except 
for eq. (13). These r-dependent equations are already solved in Ref. [28]. 

For eq. (13), the w-dependent part should balance with each other: 

d— 2 d— 2 d— 2 1 

- "a ~ ( d+ 2)C - "I ~ (d + 2)C 2 + 2v { £ v a + (d+ 2)c) = -(0 U ) 2 , (24) 

a=l a=l a=l 

which is the only constraint that the li-dependent terms should satisfy. 

Here we note that there are three classes of solutions depending on whether we have the 
plane-wave function K or not and which coordinate dependence it has. We now discuss 
these solutions separately. 

2.1 Brane solutions in time-dependent backgrounds 

If we do not have the function K, its source should be zero: 

bi = 0, (25) 
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which is enough to eliminate the w-dependence from eq. (13), and the only condition that 
v a should satisfy is eq. (24). The resulting equations for r-dependent factors are the same 
as the static branes [29] and we find the solutions are simply given by 



ds 2 D = j]//, Ai -e 2 ^l[H A AA 2dudv 



A 

d-2 _ 

+ ]jH A 2 ^e 2v ^dy 2 a + e 2C ^(dr 2 + r 2 dQ\ +l ) 

a=l A 



Ea = \1 \ 2) r a^ <t> = J2 eAaA ^7T^ lnHA + ^ ( 26 ) 
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where A A and j A a> are defined by 
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A A = (g A + 1)(D - g A - 3) + l -a 2 A {D - 2), 

^(a) = f D ~ 2 for j ^ belonging to g A -brane 
I [ otherwise 

respectively, and M should be determined by the relation (24). Here and in what follows, 
H A — 1 + ^f- represent harmonic functions in d + 2 dimensions. These give the gener- 
alization of the class of solutions discussed in Ref. [19], in which D3-brane solutions are 
given with C = 0. Our solutions generalize these to orthogonally intersecting branes with 
nonvanishing C. 

2.2 Branes in plane- wave backgrounds 

If K does not depend on y a , d 2 K term in eq. (13) is absent. Considering eq. (10), we find 
that the condition 

4g(u) = 2(v + C) + (/>», (28) 

is enough to eliminate w-dependence from eq. (13). It is then easy to give the solutions, 
following Ref. [28]. 
The result is 

ds 2 D = ]Jh a Aa e 2vo ^]jH A AA {-2dudv + Kdu 2 } 



A 

-2^ 



+ II h a Aa e2vad yl + e2C(u) ( dr2 + 
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Ea = \I a 2) r a^ <P = J2 eACLA ^7T^ lnHA + ^ ( 29 ) 
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where 7^ is the same as in eq. (27) and the function K is defined by 

^K = -k^rl[H 1 -, (30) 



A 



and 4> u should be determined by the relation (24). 

In Ref. [19], D3-brane solutions with /i^ = and C = are given. There K is taken 
to depend only on u, in which case we see that eq. (30) is trivially satisfied and K can be 
an arbitrary function of u, in agreement with Ref. [19]. The same solutions in different 
coordinate system are also given in [17]. Our solutions, when restricted to single branes, 
are still more general than those. 

2.3 Branes in more general wave backgrounds 

If we have the general function K describing waves, we must have 

4<7(u) = 2( Uo + C) + u , v a = C, (31) 

in order to get rid of -u-dependence from eq. (13). Then we see that eq. (24) reduces to 

-(D -2)(C + C 2 - 2v C) = i(0 n ) 2 . (32) 

and the remaining condition from eq. (13) precisely gives the corresponding one in Ref. [28]. 

The determination of the remaining functions are essentially the same as [28], so we 
do not repeat the details, but simply present the final result: 

IA+ 1 



dsl = U H A AA e^\[H' A 

A L A 



2dudv + Kdu 1 



+ e2C(M) E II H ~a AA d vl + e2C(U) ( dr " + ^li) 



a=l A 



^ = \/ a 2) r a\ <f> = J2e A a A ^—^\nH A + cf) u , (33) 

V ^A l^A 

where is the same as in eq. (27) and the function K is defined by 

(□<**> +f:i[H A ^di)K = -l^UH 1 /, (34) 



o=l A 



respectively, and 4> u should be determined by the relation (24). The function K is essen- 
tially the same as given in Ref. [28]. For a single Dg^-brane, eq. (34) admits a solution of 
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the form 



* = -§-¥( r2 + ^ + |f!^), (35) 



and 

,2 

r" 32 



K = c+ £-i±^(ri + J2y 2 a -(qA-l)QA^r), (far d = 2) (36) 



We also have the intersection rules for the branes [28]. If g^-brane and g^-brane 
intersect over q(< q A , dimensions, this gives 

_ (q A + l)(q B + l) 1 

5 = D-2 ~~ 2 eAaAesaB ' ^ ' 



For D-branes €acia = ^-§ A - I and we get 

_ qA + qs 



- 2. (38) 
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The results presented here are the generalization of the intersection rules already dis- 
cussed in the literature [29] to the supersymmetric intersecting branes in time-dependent 
backgrounds. 

2.4 Supersymmetry 

In the time-dependent background without the NS-NS flux, the amount of unbroken su- 
persymmetry depends on the condition 7„e = 0, and the brane supersymmetry condition. 
Usually these two conditions are two independent conditions, and one needs to impose 
them both on the gravitino and the dilatino variations. They are compatible with each 
other, but the unbroken supersymmetry is 1/2 compared with the usual static brane so- 
lutions. So if fiij = 0, we have 1/2 supersymmetry for no branes, 1/4 supersymmetry 
for single branes as discussed in Refs. [17, 19], 1/8 supersymmetry for 2 orthogonally 
intersecting branes and so on. 

In the presence of the NS-NS flux H ui j, the supersymmetry variations normally restrict 
the form of the flux for getting a solution of the killing spinor equation of motion. As it 
was argued in [28], this choice further breaks 1/2 of the remaining supersymmetry. 

To get an idea how the solutions look like, let us consider intersecting D1-D5 system 
without fi^ (the case in subsect. 2.2). The supergravity solution is given by 

ds 2 = H^H^e 2vo( - u) (-2dudv + K(u)du 2 ) + * eVa{u)d yl 



+ H?Hie 2C ^ (dr 2 + r 2 dtf 3 ), 

= ln (]|) 2 +^- (39) 

We see that the solution resembles the ordinary intersecting branes, and the difference is 
the presence of time-dependent factors multiplying the metric and terms appearing in the 
dilaton and forms such as (7). In the present intersecting branes in a wave background 
with = 0, the amount of unbroken supersymmetry is four, as this preserves 1/8 of the 
full type IIB supersymmetry, corresponding to N = 2 supersymmetry in 2 dimensions. If 
the metric depending on the light-cone coordinate u are finite, the near horizon geometry 
is AdSs x S 3 x M 4 . As argued in Ref. [30], the corresponding dual field theory would be 
two-dimensional conformal field theory, now in time-dependent backgrounds. 

The D1-D5 system has a singularity (big bang) at Vo(u) — > — oo, as some components 
of the metric vanish and we can easily see that the curvature components also blow up. 
For example, let us choose the dilaton and metric functions linear in the coordinate u: 
4> = —au (a > 0),vq(u) = v a (u) = bu,C(u) = cu. The condition (24) tells us that 
a 2 + 16c 2 = 8(6 + c) 2 . For the simple choice c = K = and b = a/2\/2, there appears a 
singularity in the infinite past in the solution (39). 

3 Concluding remarks 

Motivated by the recent interest in supersymmetric time-dependent solutions in supergrav- 
ity with their possible application to the singularities in our spacetime, we have derived a 
rather general class of solutions with and without pp-wave. Our solutions reproduce many 
of the known time- dependent solutions but are more general than those already known. 
These solutions have time- dependent null dilaton which is related to the string coupling. 
So the string theory has time-dependent coupling. 

According to the AdS/CFT correspondence, it is expected that these solutions have 
dual description in terms of super Yang-Mills theories. It would be very interesting to 
further explore the nature of these solutions, especially their singularity structures, and 
their field theory duals. An interesting question is whether and how the field theory dual 
gives well-defined description of the behavior of the solutions close to the singularities. It 
would also be important to find more cosmological applications of these solutions and try 
to understand the nature of the space-like singularities. 
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